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SMALL CONJUGACY CLASSES IN THE AUTOMORPHISM
GROUPS OF RELATIVELY FREE GROUPS
VLADIMIR TOLSTYKH
1. Small onjugay lasses
Reall that a group G is said to be omplete if all automorphisms of G are inner
and the enter of G is trivial: Aut(G) = Inn(G) ∼= G. In a series of papers [4, 6, 7℄
Dyer and Formanek justied several onjetures by Baumslag on the automorphism
towers of nitely generated relatively free groups. In partiular, they proved that
the automorphism group of a free group Fn of nite rank n > 2 is omplete (and
hene the automorphism tower of Fn terminates already after two steps) [4℄ and
that the automorphism group Aut(Fn/R
′) of the group Fn/R
′
is omplete where R
is a harateristi subgroup of Fn whih is ontained in the ommutator subgroup
F ′n of Fn suh that the quotient group Fn/R is residually torsion-free nilpotent [7℄.
The aim of the present paper is to extend the latter result to innitely generated
relatively free groups.
Let G be an innitely generated relatively free group, let κ denote the rank of
G, and let Γ denote Aut(G). If X is a basis of G, we shall denote by Sym(X ) the
subgroup of automorphisms of G xing X setwise; members of Sym(X ) will be
alled permutational automorphisms of G with respet to X .
Let {Ai : i ∈ I} be a family of subgroups of G. We write G = ⊛i∈IAi, if there is
a basis X of G suh that Ai = 〈Ai〉 where Ai = X ∩Ai for every i ∈ I, the sets Ai
are pairwise disjoint, and their union
⋃
i∈I Ai is X .
Clearly, if G = ⊛i∈IAi, then given any family {σi ∈ Aut(Ai) : i ∈ I} of auto-
morphisms of subgroups Ai, there is a uniquely determined automorphism σ of G
suh that σ|Ai = σi for all i ∈ I; we shall denote σ by ⊛i∈Iσi.
We shall use the standard notation of the theory of innite permutation groups.
Thus, having a group H ating on a set X, we shall denote by H(Y ) and by H{Y }
the pointwise and the setwise stabilizer of a subset Y of X in H, respetively. Any
symbol of the form H∗1,∗2 denotes the intersetion of subgroups H∗1 and H∗2 .
In this setion we shall study elements of Aut(G) having `small' onjugay lasses.
We shall say that the onjugay lass σΓ of a σ ∈ Aut(G) is small if the ardinality
of σΓ is at most κ = rankG; equivalently, the index |Γ : C(σ)| = |σΓ| of the
entralizer C(σ) in Γ is at most κ.
We start with a statement on existene of ertain stabilizers in the subgroups
of Aut(G) having index 6 rankG. Reall that a moiety of an innite set I is any
subset J of I with |J | = |I \ J |. The proof of the statement uses the ideas and
methods developed by Dixon, Neumann and Thomas in [3℄.
Proposition 1.1. Let G be a relatively free group of innite rank κ, X a basis of G
and Σ a subgroup of the automorphism group Γ = Aut(G) of index at most rankG.
Then
(i) there is a subset U of X of ardinality less than κ suh that Σ ontains the
subgroup Sym(X )(U) of permutational automorphisms with regard to X whih x U
pointwise;
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(ii) for every moiety Z of X \ U , Σ ontains the subgroup Γ(X\Z),{〈Z〉} of auto-
morphisms of G whih x X \Z pointwise and preserve the subgroup 〈Z〉 generated
by Z;
(iii) for every moiety Z = {zi : i ∈ I} of X \ U , and for every subset {vi : i ∈ I}
of the subgroup 〈U〉 generated by U , Σ ontains an automorphism σ of G whih xes
the set X \ Z pointwise and takes an element zi of Z to zivi:
σx = x, x ∈ X \ Z, (1.1)
σzi = zivi, i ∈ I.
Proof. (0). Before proving (i), we are going rst to do some preliminary work for
(ii) and (iii).
(a). Let Y be a subset of X of ardinality κ = rankG. We partition Y into κ
moieties:
Y =
⊔
i∈I
Yi
and then partition every Yi into ountably many moities:
Yi =
⊔
k∈N
Yi,k.
Fix an index i0 of I and onsider any automorphism α of the subgroup 〈Yi0,0〉
generated by Yi0,0. We extend α on 〈Yi0 〉 as follows:
β(α) = (α ⊛ α−1 ⊛ id)⊛ (α⊛ α−1 ⊛ id)⊛ . . . (1.2)
Here, as it is quite ommonly done for simpliity's sake, any α (resp. α−1, resp. id)
in the right-hand side of (1.2) rather indiates that the ation of the restrition of
β(α) on a subgroup 〈Yi0,k〉 is isomorphi to the ation of α (resp. α
−1, resp. id)
on 〈Yi0,0〉; the orresponding isomorphism of ations is supposed to be indued by
a bijetion from Yi0,0 onto Yi0,k. Any ⊛-produt of automorphisms below must be
treated in a similar fashion.
We then onsider the family Λα of automorphisms of G suh that
λ = id〈X\Y〉 ⊛ (⊛i∈Iβ(α)
εi ) (1.3)
where εi = 0, 1 (i ∈ I).
Observe that |Λα| = 2
κ . Therefore for any subgroup H of Γ having index less
than 2κ , there are distint λ1, λ2 ∈ Λα with λ1λ2
−1 ∈ H. Clearly, the produt
λ1λ2
−1
is also of the form (1.3) with εi equal either to 0, or to 1, or to −1 (i ∈ I).
(b). Observe, for future use, that there are permutational automorphisms ρ1, ρ2 ∈
Aut(〈Yi0 〉) with regard to the basis Yi0 suh that β(α)
ρ1β(α) equals the trivial
automorphism of 〈Yi0 〉 and β(α)
ρ2β(α) equals the automorphism
(α ⊛ id⊛ id)⊛ (id⊛ id⊛ id)⊛ . . . , (1.4)
that is, oinides with α on 〈Yi0,0〉. The similar arguments applies to β(α)
−1
: there
are permutational automorphism µ1, µ2 ∈ Aut(〈Yi0 〉) suh that [β(α)
−1]µ1β(α)−1
is the trivial automorphism of 〈Yi0〉, and [β(α)
−1]µ2β(α)−1 is the automorphism
(1.4).
(i). As
|Sym(X ) : Sym(X ) ∩Σ| 6 |Γ : Σ| 6 rankG = |X |,
we get that Sym(X ) ∩ Σ is a subgroup of Π = Sym(X ) of index at most |X |. Then
by Theorem 2♭ of [3℄, there is a subset U of X of ardinality less than |X | suh that
Π(U) 6 Π ∩ Σ = Sym(X ) ∩ Σ.
(ii). We apply the onsiderations in (0) to the set Y = X \ U . We partition Y as
in (0), assuming that Yi0,0 = Z. Take a σ ∈ Γ(X\Z),{〈Z〉} and let
α = σ|〈Z〉 = σ|〈Yi0,0〉.
SMALL CONJUGACY CLASSES 3
By the onlusion made in (a) in (0), as the index of Σ in Γ is at most κ < 2κ,
Σ ontains an element of Λα, that is, there are εi = 0, 1,−1 (i ∈ I) some of whih
are nonzero suh that
γ = id〈U〉 ⊛ (⊛i∈Iβ(α)
εi ) ∈ Σ.
Using (b) in (0), it is then rather easy to nd a permutational automorphism π in
Π(U) = Sym(X )(U) whih xes U pointwise and suh that the ation of γ
piγ on some
Yj,0 is isomorphi to the ation of α and the ation of γ
piγ on all other sets Yi,k is
trivial. Indeed, let
I0 = {i ∈ I : εi = 0}, I1 = {i ∈ I : εi = 1}, I−1 = {i ∈ I : εi = −1}.
If I1 is empty, we swith to γ
−1, also a member of Σ. Thus, without loss of generality
we may assume that I1 6= ∅. Let us onsider the more diÆult ase, when i0 /∈ I1.
Take a j in I1, and dene π ∈ Π(U) as follows:
π = id(U) ⊛ (⊛i∈I0 id)⊛ ρ1 ⊛ (⊛i∈I1,i6=jρ2)⊛ (⊛i∈I−1µ2), (1.5)
where ρ1, ρ2, µ2 were dened in (b) in (0), and ρ1 in (1.5) desribes the ation of π
on 〈Yj〉.
At the next step we onjugate γpiγ ∈ Σ by an appropriately hosen permutational
automorphism π1 ∈ Π(U) 6 Σ, interhanging Yi0 and Yj , while xing pointwise U
and all other Yi, thereby obtaining σ.
(iii). The proof is basially the same as in (i). Having an automorphism σ of G
with (1.1), we nd in Σ an automorphism σ∗ of G whose ation on eah of some
κ moieties of X \ U , into whih X \ U is partitioned and one of whih ontains Z,
is either trivial, or isomorphi to the ation of β(σ|〈Z〉) (suitably dened) on the
moiety ontaining Z, or to isomorphi the ation of β(σ|〈Z〉)
−1. Then for a suitable
π, π1 ∈ Π(U) we have that an element ((σ
∗)piσ∗)pi1 of Σ is equal to σ. 
Proposition 1.2. Let G be a relatively free group of innite rank κ, X a basis of
G. The onjugay lass of a σ ∈ Aut(G) is small if and only if there are nitely
many elements u1, . . . , us of X and a term w(∗; ∗1, . . . , ∗s) of the language of group
theory (a group word in symbols ∗, ∗1, . . . , ∗s) suh that
σ(x) = w(x;u1, . . . , us) (1.6)
for all x ∈ X and
w(xy;u1, . . . , us) = w(x;u1, . . . , us) · w(y;u1, . . . , us) (1.7)
for all x, y ∈ X (in eet, σ(g) = w(g;u1, . . . , us) for all g ∈ G).
Proof. Sine the onjugay lass of σ is of ardinality 6 κ, the index of the en-
tralizer C(σ) of σ in Aut(G) is at most κ. Hene by Proposition 1.1, for Σ = C(σ)
there is a subset U of X having the properties (i-iii) listed in this proposition. In
partiular, Π(U) = Sym(X )(U) 6 C(σ).
Consider an x ∈ X \U . Let wx(x; ~y, ~u) be a term of the language of group theory
suh that
σx = wx(x; ~y, ~ux)
where ~y is a tuple of elements of X \ U none of whih equals x and ~ux is a tuple of
elements of U .
(a) A permutational automorphism in Π(U) whih xes x and takes ~y to a tuple
π~y with π~y ∩ ~y = ∅ must ommute with σ. Then πσπ−1x = σx implies that
wx(x;π~y, ~ux) = wx(x; ~y, ~ux).
Take an endomorphism ε of G whih sends all members of π~y to 1 and xes all
other elements of X . Apply ε to the both parts of the last equation:
ε(wx(x;π~y, ~ux)) = wx(ε(x); ε(π~y), ε(~ux)) = wx(x; 1, . . . , 1, ~ux) = wx(x; ~y, ~ux).
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It follows that σx ∈ 〈x, ~ux〉, and we an assume that
σx = wx(x; ~ux).
(b) Take another element y in X \ U . Again, σ must ommute with a permuta-
tional automorphism ρ in Π(U) interhanging x and y. Comparing ρσρ
−1x and σx,
we obtain that
wy(x; ~uy) = wx(x; ~ux)
But then
wy(y; ~uy) = wx(y; ~ux),
after foring an endomorphism of G xing U pointwise and taking x to y to at on
the both parts of the preeding equation. So the image σy of y an be obtained by
replaing ourrenes x in wx(x; ~u) by y. We arrive therefore at the onlusion that
σz = w(z; ~u)
where w(∗; ∗1, . . . , ∗s) is a xed term and ~u is a xed tuple of elements of U for all
z ∈ X \ U .
() Let x, y be distint elements of X \ U . The `transvetion' U whih takes x to
xy and xes all other elements of X belongs to C(σ) by part (ii) of Proposition 1.1.
The equality UσU−1x = σx implies then that
w(xy; ~u)w(y; ~u)−1 = w(x; ~u),
or
w(xy; ~u) = w(x; ~u) · w(y; ~u). (1.8)
As x, y, ~u are all members of some basis of G,
w(ab; ~u) = w(a; ~u) · w(b; ~u). (1.9)
for every a, b ∈ G (after ating on the both parts of (1.9) by an endomorphism of
G xing ~u pointwise and taking x to a and y to b.)
(d). The argument similar to one we have used in (a) shows that for every v ∈ U ,
the image σv of v is in the subgroup generated by U .
Take an x ∈ X \ U , an element v ∈ U and another `transvetion' U1 whih takes
x to xv and xes X \ {x} pointwise. By part (ii) of Proposition 1.1, U1 ommutes
with σ. Observe that U1(σv) = σv, sine U1 stabilizes all elements of U . Hene
w(x; ~u) = σx = U1σU1
−1x = U1(σ(xv
−1)) = U1(σ(x)σ(v
−1)) = w(xv; ~u)σ(v−1).
By (1.9), w(xv; ~u) = w(x; ~u)w(v; ~u), whene σv = w(v; ~u), ompleting the proof of
the neessity part.
Conversely, if a term w(∗; ∗1, . . . , ∗s) and a tuple ~u of X satisfy (1.6) and (1.7),
then
σ(g) = w(g; ~u)
for all g ∈ G. Let π ∈ Aut(G). Hene
πσπ−1g = π(σ(π−1g)) = π(w(π−1g, ~u)) = w(g;π~u)
for all g ∈ G. Therefore there are at most κ onjugates of σ, sine there are at most
κ elements in the orbit of the tuple ~u under Aut(G). 
Working with a relatively free group G we shall denote by τg the inner automor-
phism of G determined by a g ∈ G.
Proposition 1.3. Let G be a enterless relatively free group of innite rank κ.
(i) Suppose that the ardinality of the onjugay lass ρΓ of a ρ ∈ Γ is less than
κ. Then ρ is the identity;
(ii) the ardinal
min{|πΓ| : π ∈ Γ, π 6= id}
is equal to κ;
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(iii) the onjugay lass of a nonidentity σ ∈ Γ is small if and only if |σΓ| 6 |πΓ|
for every nonidentity π ∈ Γ;
(iv) the subgroup S of all elements of Γ whose onjugay lass is small is a
harateristi subgroup of Γ.
Proof. (i). Let X be a basis of G. By Proposition 1.2, there is a term w(∗; ∗1, . . . , ∗s)
and elements ~u = u1, . . . , us ∈ X suh that
ρ(g) = w(g; ~u)
for all g ∈ G. As
|{τxρτx
−1 : x ∈ X \ ~u}| 6 |ρΓ| < κ,
there are distint x1, x2 ∈ X \ ~u suh that
τx1ρτx1
−1 = τx2ρτx2
−1,
or
ρτx1−1x2ρ
−1 = τx1−1x2
or ρ(x1
−1x2) = x1
−1x2 beause G is enterless. Therefore
w(x1
−1x2; ~u) = x1
−1x2,
whene w(g; ~u) = g = ρ(g) for all g ∈ G, sine the element x1
−1x2 and the elements
of the tuple ~u all our in a suitable basis of G
(ii). Write λ for the ardinal
min{|πΓ| : π ∈ Γ, π 6= id}
By (i), κ 6 λ. On the other hand, for any inner automorphism τg determined by a
nonidentity element g ∈ G
λ 6 |τΓg | = κ.
(iii). By (ii).
(iv). By (iii). 
Corollary 1.4. Let V be a variety of groups whose free groups are enterless. Then
for any innitely generated free groups G1, G2 ∈ V
Aut(G1) ∼= Aut(G2) ⇐⇒ rank(G1) = rank(G2).
Proof. By Proposition 1.3 (ii). 
In [8℄ Formanek proved the subgroup Inn(Fn) of the automorphism group Aut(Fn)
of a free group Fn of nite rank n > 2 is the only free normal subgroup of Aut(Fn)
of rank n. Our next orollary extends this result to free groups of innite rank.
Corollary 1.5. Let F = Fκ be a free group of innite rank κ. Then σ ∈ Aut(Fκ)
has small onjugay lass if and only if σ is an inner automorphism of Fκ . Con-
sequently, Inn(Fκ) is the largest (free) normal subgroup of Aut(Fκ) of ardinality
κ.
Proof. Let the onjugay lass of a σ ∈ Aut(F ) be small. Take a basis X of F and
hoose a subset U of X of ardinality < κ as in the proof of Proposition 1.2. Take
an x ∈ X \ U , and partition X \ (x ∪ U) into two moieties:
X \ (x ∪ U) = Y0 ⊔ Y1.
Then by Proposition 1.1 (ii) the following automorphisms ρ1, ρ2, ρ3 that at identi-
ally on U belong to the entralizer C(σ) of σ:
ρ1 : x→ x, ρ2 : x→ x, ρ3 : x→ x
−1,
y → x−1yx, y → y, y → y, (y ∈ Y1),
y → y, y → x−1yx, y → y, (y ∈ Y2).
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The produt ρ = ρ3ρ2ρ1 is an automorphism of F whih xes U pointwise, inverts
x and takes every y ∈ Y1 ∪ Y2 to its onjugate by x. It is proved in [16, Lemma
4.2℄ that any automorphism of F ommuting with ρ takes x either to vxv−1, or
vx−1v−1, where v is in the xed-point subgroup of ρ, that is, in 〈U〉. It follows that
σ(z) = w0(z; v) = vzv
−1 (z ∈ X ),
or
σ(z) = w1(z; v) = vz
−1v−1 (z ∈ X ).
But in the seond ase, it is not true for the term w1 that
w1(xy; v) = v(xy)
−1v−1 = w1(x; v) · w1(y; v) = vx
−1y−1v−1
for every x, y ∈ X . Hene σ is an inner automorphism of F, as laimed. 
Remark 1.6. A theorem by Burnside [2℄ states that given a enterless group G
suh that the group Inn(G) is a harateristi subgroup of Aut(G), we have that
Aut(G) is omplete. It then follows from Corollary 1.6 that the automorphism
group of any innitely generated free group is omplete (a result proven in [16℄ by
a dierent method).
2. Relatively free groups F/R′
Reall that a derivation of a given group G in a G-module (a module over the
group ring Z[G]) M is any map D : G→M suh that
D(ab) = D(a) + aD(b)
for every a, b ∈ G (here aD(b) is the result of the ation of a salar a ∈ G ⊆ Z[G]
on a vetor D(b) ∈M.)
As it has been proved by Fox [9℄ if F is a free group with a basis (Xi : i ∈ I)
then for any presribed elements Yi ∈ Z[F ] there is a unique derivation D of F in
Z[F ] suh that
D(Xi) = Yi (i ∈ I).
In partiular, for every i ∈ I there is a derivation Di of F suh that
Di(Xj) = δij (i, j ∈ I).
Now let R be a normal subgroup of F and let R′ denote the ommutator subgroup
of R; the quotient group R/R′ will be denoted by R̂.
We shall write for the homomorphism Z[F ] → Z[F/R] of group rings indued
by the natural group homomorphism F → F/R; it is onvenient to use the same
symbol to denote the homomorphism Z[F/R′]→ Z[F/R] indued by the natural
homomorphism F/R′ → F/R.
Clearly, any F/R-module an be in a natural way viewed as an F - and as an
F/R′-module. Consider a free F/R-module M with free generators (ti : i ∈ I).
Then it is easy to see that the map
∂(aR′) =
∑
Di(a)ti (2.1)
where a runs over F is a well-dened derivation of F/R′ in M, sine Di(b) = 0 for
every b ∈ R′ and for every i ∈ I.
A famous result by Magnus from [12℄ is tantamount to the fat that ∂ : F/R′ →
M is injetive (see, for instane, [13℄). Moreover, the following properties
∂(r1r2) = ∂(r1) + r1∂(r2) = ∂(r1) + ∂(r2), (2.2)
∂(gR̂ ∗ r) = ∂(grg−1) = ∂(g) + g∂(r) − grg−1∂(g) = g∂(r).
are true for all r1, r2 ∈ R̂ = R/R
′
and for all g ∈ F/R′. One an therefore state
that R/R′ and ∂(R/R′), viewed as F/R-modules, are isomorphi via ∂.
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Aording to a result by Auslander and Lyndon [1℄, if the quotient group F/R
is innite, the group F/R′ is enterless; we shall use this fat in Corollary 2.2 and
Theorem 3.3 below.
Lemma 2.1. Let F be an innitely generated free group, R a fully invariant sub-
group of F suh that the group ring Z[F/R] has no zero divisors and all its units
are trivial:
U(Z[F/R]) = ±F/R.
Suppose that σ ∈ Aut(F/R′) has small onjugay lass in Aut(F/R′). Then the
restrition of σ on the group R̂ = R/R′ oinides with the restrition on R̂ of a
suitable inner automorphism of F/R′, that is, there is a v ∈ F/R′ suh that
σr = vrv−1.
for every r in R/R′.
Proof. Fix a basis B of the free group F and let X be the image of B under the natu-
ral homomorphism F → F/R′. By Proposition 1.2, there are elements u1, . . . , us of
X and a term w(∗; ∗1, . . . , ∗s) of the language of group theory suh that w satises
(1.6) and (1.7) and
σ(z) = w(z; ~u)
for all z ∈ F/R′. Suppose that
w(x; ~u) = v1x
k1 . . . vmx
km
where elements v2, . . . , vm from the subgroup 〈~u〉 generated by the elements ~u =
u1, . . . , us are nontrivial, k1, . . . , km−1 are nonzero integers, while v1 ∈ 〈~u〉 and x
km
ould be equal to identity.
We show that the sum l = k1 + . . .+ km of exponents of x is 1. Indeed, by (1.7)
w(xy; ~u) = w(x; ~u)w(y; ~u), (2.3)
for all x, y ∈ X . Assume that x, y are distint members of X . Take an endomorphism
of F/R′ sending all ui to 1, while preserving x and y, and apply it to the both parts
of (2.3):
(xy)l = xlyl.
Let X be the element of B whose image is x. Consider the derivation DX of F whih
takes X to 1 and takes to 0 all other elements of B. Let then ∂x be the derivation
of F/R′ in Z[F/R] indued by DX :
∂x(aR
′) = DX(a) (a ∈ F ).
We have that
∂x((xy)
l) = ∂x(x
l)
Let, for instane, l > 0. Then
∂x((xy)
l) = 1 + xy + . . .+ xyl−1 = ∂x(x
l)
= 1 + x+ . . .+ xl−1.
We apply an endomorphism of the group ring Z[F/R] indued by the endomorphism
of F/R xing all elements of X \ {y} and taking xy → 1 to the both parts of the
last equation:
l = ∂x(x
l).
The same is true when l < 0. Thus
∂x(x
l) = l
whih means that l = 0, or l = 1. The former is learly impossible, sine σ is an
automorphism of F/R′. Hene l = k1 + . . .+ km = 1, as laimed.
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Observe also that after applying to the both parts of (2.3) an endomorphism of
F/R taking both x, y to 1 and xing all ui, we get that
w(1; ~u) = 1.
In partiular,
v1v2 . . . vm = 1,
and then
w(x; ~u) =
m∏
i=1
cix
kici
−1,
where
ci = v1 . . . vi (i = 1, . . . ,m).
Let ∂ : F/R′ → Z[F/R] be a derivation (2.1) of F/R′ assoiated with the basis
B of F we have hosen above. By (2.2), for every r ∈ R/R′ we have that
∂(σ(r)) = ∂(
m∏
i=1
cir
kici
−1) =
m∑
i=1
kici ∂(r)
= (
∑
kici)∂(r).
Let us denote the element
∑
kici ∈ Z[F/R] by fσ. As the onjugay lass of the
inverse σ−1 of σ is also small, the same argument applies to σ−1: there is an element
fσ−1 of Z[F/R] with
∂(σ−1(r)) = fσ−1∂(r) [r ∈ R/R
′].
The proof of Corollary 1 in [5℄ demonstrates that R/R′ is fully invariant subgroup
of F/R′, provided that the group ring Z[F/R] has no zero divisors. Then σ−1(r) ∈
R/R′ for every r ∈ R/R′ and hene
∂(r) = ∂(σ(σ−1(r))) = fσ∂(σ
−1(r)) = fσfσ−1∂(r),
or
(1− fσfσ−1)∂(r) = 0.
As Z[F/R] has no divisors of zero,
1 = fσfσ−1 = fσ−1fσ
and as Z[F/R] has only trivial units,
fσ = v, or fσ = −v
for some v ∈ F/R′, whene
∂(σ(r)) = v ∂(r), or ∂(σ(r)) = −v ∂(r)
for all r ∈ R/R′. In the rst ase we are done:
∂(σ(r)) = ∂(vrv−1)
and σ(r) = vrv−1, sine ∂ is injetive. In the seond ase
k1c1 + . . .+ kmcm = −v,
whih is impossible, sine the vetor in the left-hand side has augmentation k1 +
. . .+ km = 1, whereas the vetor in the right-hand side has augmentation −1. 
Generalizing an earlier result by Shmel'kin [15℄ on free solvable groups, Dyer [5℄
proved the following result: if F is a free group and a normal subgroup R is suh
that the quotient group F/R is torsion-free and either is solvable, or has nontrivial
enter and is not yli-by-periodi, then any automorphism of the group F/R′
whih xes R/R′ pointwise is an inner automorphism of F/R′ determined by an
element of R/R′. We have therefore the following orollary of Lemma 2.1.
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Corollary 2.2. Let F be an innitely generated free group and R a fully invari-
ant subgroup of F suh that the quotient group F/R satises the onditions of
Dyer's theorem and all units of the group ring Z[F/R] are trivial. Then the group
Aut(F/R′) is omplete. In partiular, the automorphism group of any innitely
generated free solvable group of derived length > 2 is omplete.
Proof. First, observe that as F/R must be torsion-free by the onditions, triviality
of units of Z[F/R] implies that Z[F/R] has no zero divisors (see, for instane, [11,
§ 6℄.)
By Proposition 1.3 (iv), the subgroup S of elements of Aut(F/R′) whose on-
jugay lass is small is a harateristi subgroup of Aut(F/R′). By Lemma 2.1
and by the quoted result by Dyer from [5℄, S equals Inn(F/R′). For any automor-
phism σ of F/R′ whose onjugay lass is small is inner: the restrition of σ on
R/R′ oinides with the restrition on R/R′ of a suitable inner automorphism τv of
F/R′; then τv−1σ xes R/R
′
pointwise, and τv−1σ = τr for some r ∈ R/R
′. Hene
Inn(F/R′) = S is a harateristi subgroup of Aut(F/R′), and then the group
Aut(F/R′) is omplete (by Burnside's theorem quoted in Remark 1.6).
Reall that free polynilpotent groups (in partiular, free solvable groups) are or-
derable [14℄. Also, the group ring Z[G] of an orderable groupG has only trivial units
[11, § 6℄. Thus the onditions of the orollary are met by any innitely generated
free solvalbe group F/F (k) of derived length k > 2, and hene the automorphism
group Aut(F/F (k)) of F/F (k) is omplete. 
3. Residually torsion-free nilpotent relatively free groups F/R′
Till the end of this setion F will denote an innitely generated free group, R
a fully invariant subgroup of R, and G the quotient group F/R′. We shall assume
throughout the setion that the quotient group F/R is residually torsion-free nilpo-
tent.
Reall that if P is a property of groups, a group H is said to be residually P ,
if for every nonidentity element h of H, there is a surjetive homomorphism from
H onto a group with P suh that the image of h under this homomorphism is not
trivial.
By a quite standard argument, every residually orderable group is orderable.
As any torsion-free nilpotent group is orderable, we obtain that the group F/R is
orderable, and aording to the remarks we have made at the end of the previous
setion the group ring Z[F/R] is a domain whose units are trivial. So Lemma 2.1
applies to G = F/R′.
As usual γk(G) where k ∈ N denotes the k-th term of the lower entral series of
G (γ1(G) = G and γk+1(G) = [G, γk(G)] for all natural numbers k > 1). As in [7℄
we dene the series (γk(G) : k > 1) where
γk(G) = {g ∈ G : g
m ∈ γk(G) for some integer m 6= 0}.
Clearly, G/γk(G) is a torsion-free nilpotent group of lass at most k− 1. Aording
to a result by Hartley [10, Theorem D2℄, if F/R is residually torsion-free nilpotent,
so is F/R′. Thus G is residually torsion-free nilpotent, and hene⋂
k>1
γk(G) = {1}.
For formality's sake, we shall say that a relation X on a group H is denable in
H, if X admits a desription in H in terms of group operation. For instane, X is
denable in H if X is the set of realizations in H of a suitable formula of some logi.
Any denable relation on a given group H is invariant under all automorphisms of
H.
Working with a subgroup H of G, we shall denote by IH the group {τh : h ∈ H}
of all inner automorphisms of G determined by members of H.
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Lemma 3.1. Let S be the subgroup of all automorphisms of G whose onjugay
lass is small. Then
(i) S = Inn(G) · S(R̂) where S(R̂) is the subgroup of all elements of S xing R̂
pointwise;
(ii) the subgroup S(R̂) is the Hirsh-Plotkin radial (the maximal loally nilpotent
subgroup) of the group S;
(iii) if R 6 F ′, then S ′ oinides with the subgroup IG′ of all inner automor-
phisms of G determined by elements of G′. In partiular,
I
R̂
= S(R̂) ∩ S
′.
(iv) elements of the form τxγ where x is an element of G whose image under the
natural homomorphism G = F/R′ → F/R is a primitive element of the group F/R
and γ ∈ S(R̂) form a denable family of the group Aut(G).
Proof. (i) Observe that by Lemma 2.1, every element σ of S an be written in the
form
τv(τv
−1σ) = τvγ
where the automorphism γ = τv
−1σ xes R̂ pointwise and its onjugay lass is
small.
(ii) We base our argument on the fat that R̂ = R/R′ is the Hirsh-Plotkin
radial of the group G = F/R′ [7℄.
Aording to Corollary 2 in [5℄, if an automorphism π belongs to the subgroup
Aut(G)(R̂), that is, if it xes R̂ pointwise, then
x−1πx ∈ R̂
for all x ∈ G. It follows that
πx = xrx (3.1)
where rx ∈ R̂ for all x ∈ G, and hene the group Aut(G)(R̂) is abelian. As R̂ is a
harateristi subgroup of G, the group Aut(G)(R̂) is a normal subgroup of Aut(G).
It follows that S(R̂) is a normal abelian subgroup of Aut(G).
Let τgγ where γ ∈ S(R̂) be an element of S whih is not in S(R̂). In partiular,
g ∈ G \ R̂. Let r be a nonidentity element of R̂; learly, τr ∈ S(R̂). As it is shown in
[7℄,
[g, g, . . . , g, r] 6= 1 (3.2)
(see the proof of Theorem 3.5 in [7℄). But then
[τgγ, τgγ, . . . , τgγ, τr] = τ[g,g,...,g,r] 6= id
in Aut(G). Hene there is no loally nilpotent subgroup of S properly ontaining
S(R̂).
(ii) Reall that IG′ denotes the group of inner automorphisms of G determined
by elements of G′. Clearly, IG′ 6 S
′, sine Inn(G) 6 S. Consider a ommutator of
elements of S:
ρ = τaγτbδγ
−1τa
−1δ−1τb
−1
where γ, δ ∈ S(R̂). Then
ρ = τaτγ(b)τδ(a−1)τb−1
By (3.1) there exist rb, sa ∈ R̂ suh that γ(b) = brb and δ(a) = asa. Then ρ is the
inner automorphism determined by the element
abrbsa
−1a−1b−1
of G′R̂ = G′, sine R 6 F ′.
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(iv) By (i), S = Inn(G) · S(R̂) and then
S/S(R̂) = Inn(G) · S(R̂)/S(R̂)
∼= Inn(G)/(Inn(G) ∩ S(R̂))
∼= IG/IR̂
∼= G/R̂ ∼= F/R.
Thus S/S(R̂) is a relatively free group isomorphi to the group F/R. As the family
of all primitive elements a given relatively free group H is denable in H, the result
follows. To explain in terms of group operation that an element z of H is primitive,
one explains that z an be inluded into some basis of H ; a basis X of H being a
subset of H suh that any map from X into H an be extended to a homomorphism
from H into H . 
Proposition 3.2. Let R 6 F ′. Suppose that the following onditions are true for
an automorphism σ ∈ Aut(G):
(a) the onjugay lass of σ is small;
(b) the image of σ under the natural homomorphism S → S/S(R̂) is a primitive
element of the relatively free group S/S(R̂)
∼= F/R;
() the group L(σ) = NC(σ)IG′ ontains no element of S(R̂) \ IR̂.
It follows that σ is an inner automorphism of G, that NC(σ)IG′ = Inn(G), and that
Inn(G) is a harateristi subgroup of Aut(G).
Proof. Let
σ = τxγ (3.3)
where γ ∈ S(R̂). Suppose, towards a ontradition, that σ is not an inner automor-
phism of G. This implies that γ ∈ S(R̂) \ IR̂. As under the natural homomorphisms
F/R′ → F/R and F/R→ F/F ′ the element x goes to a primitive element of F/F ′,
there is a c ∈ G′ suh that cx is a primitive element of G.
The group L(σ) ontains then the element
τcτxγ = τcxγ.
This enables us to assume without loss of generality that x in (3.3) is already a
primitive element of G.
Sine () is satised by σ, whenever elements of the form τaγ1 and τaγ2 where
a ∈ G and γ1, γ2 ∈ S(R̂) both belong to L(σ), the elements γ1, γ2 must be ongruent
modulo I
R̂
:
τaγ1, τaγ2 ∈ L(σ)⇒ γ1 ≡ γ2 (mod IR̂); (3.4)
otherwise γ2
−1τa
−1 · τaγ1 ∈ S(R̂) \ IR̂, ontraditing ().
In partiular, for any automorphism π of G stabilizing our primitive element x,
we have by (3.4) that
γpi ≡ γ (mod I
R̂
).
where γpi = πγπ−1.
Fix a basis X of G ontaining x. By Proposition 1.2 and by (3.1)
γ(t) = tv(t;u1, . . . , uk) (t ∈ X )
where ~u = u1, . . . , uk are some (xed) members of X , v(∗; ∗1, . . . , ∗k) is a term/word
of the language of group theory suh
ztv(zt; ~u) = zv(z; ~u) · tv(t; ~u)
for all z, t ∈ X and
v(t; ~u) ∈ R̂
for all t ∈ X .
1) Suppose rst that x does not belong to the tuple ~u. Consider then an automor-
phism π of G ating on X as a permutation whih xes x and takes ~u to a tuple π~u
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having no ommon element with ~u: π~u ∩ ~u = ∅. By (3.4), there is an s ∈ R̂ suh
that γpi = τsγ. This implies that
zv(z;π~u) = szs−1v(z; ~u)
for all z ∈ X . Sine X is innite, there is a t ∈ X suh that the letter t does not
appear in the word s, nor t ∈ ~u, nor t ∈ π~u. We then apply an endomorphism of G
taking all elements π~u to 1 and xing all other elements of X to the both parts of
the equation
tv(t;π~u) = sts−1v(t; ~u),
thereby getting that
t = s0ts0
−1v(t; ~u),
or
s0
−1ts0 = tv(t; ~u).
It follows that
s0
−1zs0 = zv(z; ~u).
for every z ∈ X , and then γ is an inner automorphism determined by an element
s0
−1 ∈ R̂, a ontradition.
2) Suppose now that x is a member of ~u and ~u = x, u2, . . . , uk. Write ~u0 for the
tuple u2, . . . , uk. As above, we onsider an automorphism π of G ating on X as a
permutation, xing x and suh that tuples ~u0 and π~u0 are disjoint. Then
zv(z;x, π~u0) = szs
−1v(z;x, ~u0)
for all z ∈ X . Working with the endomorphism of G taking all elements π~u0 to 1
and xing pointwise X \ {π~u0}, we see that
tw(t;x) = s0ts0
−1v(t;x, ~u0),
or
s0
−1ts0w(t;x) = tv(t;x, ~u0), (3.5)
where w(∗; ∗1) is a xed group word/term of the language of groups, for all t ∈ X
(at rst for t ∈ X that are not members of ~u0, πu0, and the set of letters of X
forming s, then for all t ∈ X .)
The equation (3.5) means that
γ = τs−1δ
where
δt = tw(t;x) (t ∈ X ).
Clearly, δ is in S(R̂), is not an inner automorphism of G, and the element τxδ is a
member of L(σ).
Our goal is to show that δ is the identity automorphism; this will imply, as in 1)
above, that γ is an inner automorphism, whih is impossible.
Claim 1. For every t ∈ X and for every natural number k
w(t;xk) = w(t;x)k.
Let y be a member of X whih is not equal to x. We start with some two elements
of L(σ) of the form τyη where η ∈ S(R̂) to gain more information about w(∗; ∗1).
First, we see that τyδ
pi
belongs to L(σ) where π ∈ Aut(G) interhanges x and y,
while xing all other elements of X . Seond, let ρ be the automorphism of G whih
takes x to xy and xes X \ {x} pointwise. Then
(τxδ)
ρτx
−1δ−1 = τxyr−1x−1δ
ρδ−1 ∈ L(σ),
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where δρ(x) = xr and r ∈ R̂. As for a suitable element c of G′ we have that
cxyr−1x−1 = y, it follows that τyδ
ρδ−1 is also in L(σ). Hene by (3.4), there exists
an s ∈ R̂ with
δρδ−1 = τsδ
pi.
Comparing the images of a t ∈ X \ {x} under the automorphisms partiipating in
the both parts of the last equation, one obtains that
tw(t;xy)w(t;x)−1 = sts−1w(t; y). (3.6)
In partiular,
yw(y;xy)w(y;x)−1 = sys−1.
for t = y.
Let k > 1. Consider the endomorphism ε of G taking y to xk and xing X \ {y}
pointwise. Then
xkw(xk ;xk+1)w(xk;x)−1 = ε(s)xkε(s)−1,
whene xk = ε(s)xkε(s)−1. Clearly, xk 6∈ R̂, sine F/R is torsion-free and ε(s) ∈ R̂.
Hene ε(s) = 1. We then apply ε to the both parts of (3.6), assuming that t is an
arbitrary element of X \ {x}:
tw(t;xk+1)w(t;x)−1 = tw(t;xk).
By the indution hypothesis w(t;xk) = w(t;x)k and the result follows.
Claim 2. For every t ∈ X the element w(t;x) is in γ3(G), the third term of the
lower entral series of G.
As we observed above, δ xes R̂ pointwise, and adding to that the fat that δ
has small onjugay lass, we get that
δ(r) = rw(r;x) = r,
for all r ∈ R̂, whene w(r;x) = 1. Also w(1, x) = 1 and then we an write w(t;x)
where t ∈ X as a produt of onjugates of powers of t:
w(t;x) =
n∏
i=1
xkitsix−ki .
Sine w(t, x) ∈ R̂ 6 G′, the sum of exponents si is zero. Substitute an arbitrary
r ∈ R̂ for t in the last equality and take the standard derivative, keeping in mind
that w(r;x) = 1:
0 = ∂(w(r;x)) =
n∑
i=1
six
ki∂(r) =
(
n∑
i=1
six
ki
)
∂(r).
Therefore
n∑
i=1
six
ki = 0, (3.7)
Suppose that there are exatly l pairwise distint exponents ki partiipating in (3.7),
say, m1, . . . ,ml. Due to linear independene of powers of x over Z, there must be a
partition of {1, 2, . . . , n} into l pairwise disjoint sets
{1, 2, . . . , n} = A1 ⊔ . . . ⊔ Al
suh that for a partiular j, for every i1, i2 ∈ Aj , integers si1 , si2 are oeÆients of
xmj in (3.7) and ∑
i∈Aj
si = 0.
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Observe that in a nilpotent group H of lass two all onjugates of a given element
of H are ommuting. Then we have for every t ∈ X :
w(t;x) =
n∏
i=1
xkitsix−ki ≡
l∏
j=1
∏
i∈Aj
(xmj tsix−mj ) (mod γ3(G))
≡
l∏
j=1
(xmj t
∑
i∈Aj
six−mj ) ≡
l∏
j=1
(xmj t0x−mj ) ≡ 1 (mod γ3(G)).
Claim 3. For every k > 3 and for every t ∈ X \ {x}
w(t;x) ≡ 1 (mod γk(G)).
Hene w(t;x) = 1 and δ is the identity automorphism.
Claim 2 takes are of the indution base. Assume that w(t;x) ∈ γk(G), that is,
w(t;x)m = w(t;xm) ∈ γk(G) (3.8)
for some natural number m > 1 (the equality is justied by Claim 1).
Observe that the subgroup γk(G) is invariant under all endomorphisms of G. As
δ has small onjugay lass, δ(z) = zw(z;x) for every z ∈ G by Proposition 1.2.
Hene for every t ∈ X and for every q ∈ Z
δ(tq) = (tw(t;x))q = tqw(tq ;x)
Let ε be an endomorphism of G taking x to xml where l ∈ Z and stabilizing every
element of X \ {x}. After appliation of ε to the last equality, we see that
tqw(tq, xml) = (tw(t;xml))q.
Sine elements of γk(G) ommute modulo γk+1(G) with all elements of G and sine
w(t;xml) = w(t;xm)l ∈ γk(G) by Claim 1,
tqw(tq, xml) = (tw(t;xml))q ≡ tqw(t;xml)q (mod γk+1(G)).
Then, again by Claim 1,
w(tq , xml) ≡ w(t;x)qml (mod γk+1(G)). (3.9)
Due to invariane of γk(G) under endomorphisms of G, we obtain from (3.8)
that w(tm;xm) ∈ γk(G). Therefore w(t
m;xm) an be written as a produt of basis
ommutators of weight k modulo γk+1(G):
w(tm;xm) ≡
∏
i
bi(t, x) (mod γk+1(G)).
Consider an endomorphism of G taking both x and t to their squares and apply it
to the last ongruene:
w(t2m;x2m) ≡
∏
i
bi(t
2, x2) (mod γk+1(G)). (3.10)
It is easy to see that bi(t
2, x2) ≡ bi(t, x)
2k (mod γk+1(G)); for instane,
[t2, x2, t2] ≡ [t, x2, t2]2 ≡ [t, x, t2]2
2
≡ [t, x, t]2
3
(mod γ4(G)).
This implies that the element in the right-hand side of (3.10) is ongruent to
w(tm;xm)2
k
, and, further, to w(t, x)m
22k
by (3.9). By the same equation (3.9),
the element in the left-hand side of (3.10) is ongruent to w(t;x)4m
2
. Therefore
w(t;x)4m
2
≡ w(t;x)2
km2 (mod γk+1(G)),
or
w(t;x)(2
k−4)m2 ≡ 1 (mod γk+1(G)).
As k > 3, 2k > 4, and we are done. 
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Theorem 3.3. Let F be an innitely generated free group, R a fully invariant
subgroup of F whih is ontained in the ommutator subgroup of F. Suppose that
the quotient group F/R is residually torsion-free nilpotent. Then the automorphism
group Aut(F/R′) of the group F/R′ is omplete.
Proof. By Burnside's theorem and by Proposition 3.2. 
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